Mathematics II

24





Unit 3 




Mathematics II Frameworks
[image: image90.wmf]2

20

10100

60

36020

60

360100

C

A

x

x

p

pp

p

p

=

==

°

=

°

°

=

°

 Teacher’s Edition
Unit 3
Circles and Spheres
[image: image91.emf]E

F

A

D

B

C


1st Edition

January 5, 2009
Georgia Department of Education

Table of Contents

3INTRODUCTION:


3ENDURING UNDERSTANDINGS:


4KEY STANDARDS ADDRESSED:


5UNIT  OVERVIEW:


5Terms and definitions:


6Properties, theorems, and corollaries:


8Sunrise on the First Day of a New Year Learning Task


13Is it Shorter Around or Across Learning Task


15Angles of a Circle Learning Task


18Lines and Line Segments of a Circle Learning Task


23Sphere Learning Task


26Culminating Task:




Mathematics II 

 Unit 3

 Circles and Spheres

INTRODUCTION:

In this unit students will explore the properties of circles and use these properties to solve problems involving arcs, angles, sectors, chords, tangent lines and secant lines.  Students will continue their study of measurement geometry in a study of the surface are and volume of a sphere.  

Teacher Note:   The Georgia Performance Standards address geometry in grades 6 through 8 in more depth that in the previous Quality Core Curriculum.  Students developed an understanding of plane and solid geometric figures in the sixth grade. This included line and rotational symmetry, scale factor and proportional reasoning, and nets of solid figures.  In the seventh grade students investigated similar figures, learned the basic formal constructions and justified the procedures based on congruent triangles, and performed transformations in the plane and in space. In the eighth grade students explored the properties of parallel and perpendicular lines and investigated right triangles, applying the Pythagorean Theorem.  Geometry and spatial sense are fundamental components of mathematics learning. They offer ways to interpret and reflect on our physical environment and can serve as tools for the study of other topics in mathematics and science. Geometry is a natural area of mathematics for the development of students' reasoning and justification skills that build across the grades. As the study of the relationships among shapes and their properties becomes more abstract, students should come to understand the role of definitions and theorems and be able to construct their own proofs or justifications. Geometry should be learned using concrete models, drawings, and dynamic software. Exploring, justifying, and using mathematical conjectures are common to all content areas and, with different levels of rigor, all grade levels. Through the use of reasoning, students learn that mathematics makes sense. 

ENDURING UNDERSTANDINGS:

· Properties of circles are connected and appropriate for describing many aspects of our world.

· Properties of angles, triangles, quadrilaterals, and polygon are connected and appropriate for describing many aspects of our world
· Geometric ideas are useful in all areas of mathematics such as: algebra, trigonometry, and analysis.
· Concepts and measurements of surface area and volume of spheres are useful.

· Relationships between change in length of radius or diameter, surface area, and volume exist.

KEY STANDARDS ADDRESSED: 
MM2G3. Students will understand the properties of circles. 
a. Understand and use properties of chords, tangents, and secants as an 

application of triangle similarity. 

b. Understand and use properties of central, inscribed, and related angles. 

c. Use the properties of circles to solve problems involving the length of an arc 

and the area of a sector. 

d. Justify measurements and relationships in circles using geometric and 

algebraic properties. 

MM2G4. Students will find and compare the measures of spheres. 
a. Use and apply surface area and volume of a sphere. 

b. Determine the effect on surface area and volume of changing the radius or 

diameter of a sphere. 

RELATED STANDARDS ADDRESSED:
MM2P1. Students will solve problems (using appropriate technology). 
a. Build new mathematical knowledge through problem solving. 

b. Solve problems that arise in mathematics and in other contexts. 

c. Apply and adapt a variety of appropriate strategies to solve problems. 

d. Monitor and reflect on the process of mathematical problem solving. 

MM2P2. Students will reason and evaluate mathematical arguments. 
a. Recognize reasoning and proof as fundamental aspects of mathematics. 

b. Make and investigate mathematical conjectures. 

c. Develop and evaluate mathematical arguments and proofs. 

d. Select and use various types of reasoning and methods of proof. 

MM2P3. Students will communicate mathematically. 
a. Organize and consolidate their mathematical thinking through 

communication. 

b. Communicate their mathematical thinking coherently and clearly to peers, 

teachers, and others. 

c. Analyze and evaluate the mathematical thinking and strategies of others. 

d. Use the language of mathematics to express mathematical ideas precisely. 

MM2P4. Students will make connections among mathematical ideas and to other 
disciplines. 
a. Recognize and use connections among mathematical ideas. 

b. Understand how mathematical ideas interconnect and build on one another to 

produce a coherent whole. 

c. Recognize and apply mathematics in contexts outside of mathematics. 

MM2P5. Students will represent mathematics in multiple ways. 
a. Create and use representations to organize, record, and communicate 

mathematical ideas. 

b. Select, apply, and translate among mathematical representations to solve 

problems. 

c. Use representations to model and interpret physical, social, and mathematical 

phenomena. 

UNIT  OVERVIEW:
The material for unit 3 starts with a representation of the fundamental figures used in the study of lines, line segments, angles, and their relationships to the circle(s) they intersect. The tasks are focused on investigating properties and relationships that occur among circles, lines, and angles formed by circles and lines then generalizing the observations to theorems with justifications.  By the completion of the unit, students have discovered and proven theorems and properties about circles, lines, and angles formed by circles and lines.  Since a great deal of geometry has been studied in middle school, the definitions, theorems, postulate, corollaries are listed as a reference.  These concepts are not an inclusive list and should not be taught in isolation. However, due to evidence of frequent difficulty and misunderstanding associated with these concepts, instructors should pay particular attention to them and to how their students are able to explain and apply them.  Because students learned many of the basis constructions in seventh grade, this unit relies heavily on the use of computer produced figures and the ability to “drag” the individual parts of these figures while able to see the results of the movement in the measurements related to these figures.  These types of investigations allow the student to “see” the results of changes quickly with the assurance that the measurements are correct.  Since this resource is free, teachers are encouraged to use it extensively in this unit.
Terms and definitions:

A circle is the set of all points in a plane that are equidistant (the length of the radius) from a given point, the center, of the circle. 

A chord is a segment on the interior of a circle whose endpoints are on the circle.
A diameter is a segment between two points on a circle, which passes through the center of the circle.

An arc is a connected section of the circumference of a circle.  An arc has a linear measurement, which is the portion of the circumference, and an arc has a degree measurement, which is a portion of the 360 degree circle. 

If a circle is divided into two unequal arcs, the shorter arc is called the minor arc and the longer arc is called the major arc. 

If a circle is divided into two equal arcs, each arc is called a semicircle.

A secant line is a line that intersects a circle at two points on the circle.

A tangent line is a line that intersects the circle at exactly one point. 

A central angle of a circle is an angle whose vertex is the center of the circle.
An inscribed angle is an angle in a circle, whose vertex is on the circle and whose sides contain chords of the circle. 

A sector of a circle is a region in the interior of the circle bounded by two radii and an arc of the circle.

Properties, theorems, and corollaries:
· An inscribed angle is equal to half its intercepted arc.

· If two inscribed angles intercept the same arc, then they are congruent.

· If a quadrilateral is inscribed in a circle then opposite angles are supplementary.

· An angle formed by a chord and a tangent is equal to half the intercepted arc.

· An angle inscribed in a semicircle is a right angle.

· If a line is tangent to a circle, then the line is perpendicular to the radius drawn to the radius at the point of tangency.

· If a line in the plane of a circle is perpendicular to a radius at its outer endpoint, then the line is tangent to the circle.

· In the same circle or in equal circles:

· Equal minor arcs have equal central angles.

· Equal chords have equal arcs.

· Equal arcs have equal chords.

· Equal chords are equally distant from the center.

· Chords equally distant from the center are equal.

· A diameter that is perpendicular to a chord bisects the chord and its arc.

· If two inscribed angles intercept the same arc, then the angles are equal.

· If a quadrilateral is inscribed in a circle, then opposite angles are supplementary.

· If the scale factor of two similar solids is a:b, then

· The ratio of corresponding lengths if a:b, then

· The ratio of corresponding areas is a2:b2; and

· The ration of the volumes is a3:b3.

· The lengths of arcs are proportional to the sizes of the central angles, but lengths of chords are not proportional to the sizes of the central angles nor to the arcs subtended by the central angles. 

· If the radius of a circle is perpendicular to a chord, then the radius bisects the chord and bisects the intercepted arc of the central angle.

· The relationships between the radius of a circle (r) and the distance between a line and the circle explain the position of the line and the circle. 

· A tangent line of a circle is perpendicular to the radius at the point on the circle where the radius intersects the tangent line. 

· Intersecting chord theorem

· Intersecting secant theorem 
· The sum of opposite angles of an inscribed quadrilateral in a circle is always 
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· The measure of an angle inscribed in a semicircle is 
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· The angle between a chord and a line tangent to the circle at an endpoint of the chord is congruent to the intercepted arc of the angle created by the chord and the tangent line. 
· Chords equidistant from the center of a circle are congruent.

· Congruent chords are equidistant from the center.

· The perpendicular bisector of a chord passes through the center of a circle. 

· A line through the center of a circle that is perpendicular to a chord and bisects the chord. 

· A line through the center of the circle bisecting a chord is perpendicular to the chord. 

· (These last three are equivalent statements stemming from the uniqueness of the perpendicular bisector.)

· If a central angle and an inscribed angle of a circle are subtended by the same chord and on the same side of the chord, then the central angle is twice the inscribed angle. 

· If two angles are inscribed on the same chord and on the same side of the chord, then they are equal.

· If two angles are inscribed on the same chord and on opposite sides of the chord, then the sum of their measures totals 360 degrees.
· For a cyclic quadrilateral, the exterior angle is equal to the interior opposite angle.

· An inscribed angle subtended by a diameter is a right angle. 

· The diameter is the longest chord of the circle. 
· The surface area of a sphere is equal to 
[image: image3.wmf]2

4.

r

p


· The volume of a sphere is equal to 
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· Arc length is n/360 (2r)
· Are of a sector is n/360(r2)
Tasks:
The remaining content of this framework consists of student learning tasks designed to allow students to learn by investigating situations with a real-world context.  The first leaning task is intended to launch the unit.  Its primary focus is to explore the relationships between lines, angles, and circles leading to a focus on their relationships in the next few tasks.  As students become familiar with the ways in which these figures and their measurements relate, they will begin to make conjectures and establish generalizations of the properties and theorems of the unit.  The use of interactive geometry applets through GeoGebra allows students to thoroughly investigate the relationships of angles, arcs, and their measures.  The last task is designed to demonstrate the type of assessment activities students should be comfortable with by the end of the unit and gives students a chance to apply many of the ideas they have learned throughout the unit. 
Sunrise on the First Day of a New Year Learning Task 
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Figure 1: Sunrise

In some countries in Asia, many people visit the seashore on the east side of their countries the first day of every New Year. While watching the gorgeous scene of the sun rising up from the horizon over the ocean, the visitors wish good luck on their new year.

As the sun rises above the horizon, the horizon cuts the sun at different positions. By simplifying this scene, we can mathematically think of the relationships between lines and circles and the angles formed by these lines and parts of the circle.  We can use a circle to represent the sun and a line to represent the horizon.
[image: image6.emf]
1. A circle is not a perfect representation of the sun.  Why not? 
Allow students to discuss reasons, be sure that multiple and varying reasons are given.
2. Using the simplified diagram above, describe the different types of intersections the sun and horizon may have.  Illustrate the intersections you described and explain how they differ.
3. A tangent line is a line that intersects a circle at exactly one point, while a secant line intersects a circle in two points.  Do any of your drawings in #2 have a tangent or a secant? If so, identify them.  Is it possible for a line to intersect a circle in 3 points?  4 points?  Explain why or why not.
Students should come to the conclusion that the line may not intersect the circle, intersect it in one point, or intersect it in two points.  Encourage students to draw possibilities on the circle to be confident that these are the only choices.
4. When a secant line intersects a circle in two points, it creates a chord.  A chord is a segment whose endpoints lie on the circle. 
a. How does a chord differ from a secant line?
b. How many chords can be in a circle? 
c. What is the longest chord in a circle?  Explain how you know?
d. Describe the relationship between the distance chords are from the center of a circle and the length of the chords. 

e. Mary made the following conjecture:  If two chords are the same distance from the center of the circle, the chords are congruent.  Do you agree or disagree?  Support your answer mathematically.   State the converse of this conjecture and explain whether or not it is true.
f. [image: image92.emf]D
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Ralph was looking at the figure to the right. He made the following conjecture:  A radius perpendicular to a chord bisects the chord.  Prove his conjecture is true.  Remember, if we can prove something is always true it can be named a theorem.

 Comment(s):
This is a very simple sample proof.  There are many ways students may choose to write their proof.  They will need to use the skills and theorems they learned in Unit 2. Encourage them to truly prove this conjecture by writing a complete proof. 

Solution(s):

(1) (BCE and (BCD are right angles....(Given.)

(2) (BCE = (BCD....(All right angles are congruent.)

(3) Segment BE ( segment BD...(All radii of a circle are congruent.)

(4) Both triangles share the side BC...
Segment BC ( segment BC (Reflexive Property)

5. 
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 BDC (by Hypotenuse-Leg Theorem)

6. Segment EC ( segment CD (CPCTC)

7. Therefore, C is the midpoint of segment ED.

g. Is the converse of the statement in part f true?

5. Think back to the sunrise.  As the sun rises you see a portion of its outer circumference.  A portion of circle’s circumference is called an arc. An arc is a curve that has two endpoints that lie on the circle. 
a.  Describe what happens to the visible arc of the circumference of the sun as the sun rises. Describe the similarities and differences between the arcs of a sunrise and the arcs of a sunset.
b.  If a circle is divided into two unequal arcs, the shorter arc is called the minor arc and the longer arc is called the major arc. If a circle is divided into two equal arcs, each arc is called a semicircle. Use these words to describe the arcs of the sunrise.  

c.  What must be true for an arc to be a semicircle?
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Figure 2. The radius and the distance between the center of a circle and a line 

Q. For what lines is d less than r? Specifically, given a circle and lines in a plane, determine what length is greater than the other for each case. Refer to the above picture.

Use one of the notations of <, = or > between d and r in the following:

i) d (   ) r for a secant line,

ii) d (     ) r for a tangent line, and

iii) d (      ) r for the others.

Solution:

The answers are <, =, > (in this order).

Q. For i) above, how can you be sure that your answer is correct? Prove it by using the Pythagorean Theorem for a right triangle. Use the picture below. 


[image: image11.wmf] 

a s

e

ca

n

t

 

line

 

H

 

B

 

O

 

A

 


Figure 3. The distance between a secant line and the center of a circle, using the radius of the circle
In the picture, 
[image: image12.wmf]OA

  is the radius (r) of the circle, and OH is the distance (d) between the center of the circle and the secant line. 
Apply Pythagorean Theorem to the right 
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Solution:
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Which segment is longer: 
[image: image17.wmf]  

OH

(

d

)

 

or

 

OA

(

r

)

? 
Why?    Discuss this with others in your group. 
Solution:
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. That is, the distance between a secant line and the center of a circle is less than the radius.

Is it Shorter Around or Across Learning Task
In this task, students will determine that congruent chords intercept congruent arcs and that congruent arcs subtend congruent chords.  

1.  What conditions determine a unique circle on a plane?  In other words, given a point on a plane and the length of the radius from that point, how many different circles can we draw?
Solution:

[image: image19.wmf]radius
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Figure 4
A fixed point as the center of a circle and the length of the radius are the only necessary conditions. 

A fixed point determines the position of the circle in a plane while the radius determines the size of the circle. Only one circle can be drawn with these given conditions. 

2. A sector of a circle is a wedge of the circle with its point at the center and whose two sides are radii which subtends an arc of the circle.  
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Figure 5
a. The length of arc AB is 
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 and the length of arc AC is 
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.   Using a protractor, measure 
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 and
[image: image24.wmf]  

Ð

AOC

.  Compare the measures of these two angles.
b. Are the measures of 
[image: image25.wmf]  
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and 
[image: image26.wmf]  

Ð

AOC

 proportional to the lengths of their corresponding arcs?
Solution:

Students will find 
[image: image27.wmf]  
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=3*
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Ð

AOB

.  By adding more activities, they will also find the proportional relationships between arcs and their angles.

c. Measure and compare the lengths of chords [image: image29.wmf]  

AB

 and 
[image: image30.wmf]BC

.  Are the lengths of these segments proportional to the measures of their corresponding central angles?
Solution:

Using the fact that the sum of the lengths of any two sides of a triangle must be longer than the third side, we understand if the three sides are proportional (if BC = 3(AB), then  AB + BC = AC), and 
[image: image31.wmf]ABC
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would not exist.  Therefore, we know that the lengths of the chords are not proportional to the measures of their central angles.
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Figure 6
3.If radius 
[image: image33.wmf]OD

 is the perpendicular to chord 
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, then 
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 bisects chord 
[image: image36.wmf]AB

and 
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bisects arc
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, so that the measure of arc AD = the measure of arc BD.  Prove or disprove these statements.
Solution: (only one possible solution is given in two-column format, students should be allowed to use whatever format they prefer as long it produces a logical argument with appropriate justifications.)
We first prove that 
[image: image39.wmf]  
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OBH are congruent:

1. OD 
[image: image41.wmf]^
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Given

2.[image: image42.wmf]  
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OHA = [image: image43.wmf]  
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 OHB
Definition of right angles
3. OA = OB 

Radii (forming hypotenuse of 
[image: image44.wmf]OAH

D

and 
[image: image45.wmf]OBH

D

) are congruent
4. OH = OH

Reflexive Property of Congruence
5. 
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OBH 
HL Congruence
AH = HB

Corresponding parts of congruent triangles are congruent
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Central angles are congruent, so their corresponding arcs are congruent.

4. Do any relationships exist among the center of the circle and the bisectors of chords? Discuss this with others in your group. 
Solution: All the bisectors of chords should pass through the center of the circle. 

Note: This will be used later to find the center of a circle when three points on the circle are given.
5.  The diagram below shows a swing set.  If  
[image: image52.wmf]AE

 is 6.5 ft and represents the swing hanging straight down and a child can swing 12 feet total from D to F, what is the measure of the arc that a child swings?  (
[image: image53.wmf] and 
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 represent the poles of the swing set.)
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Solution:  Write this!
Angles of a Circle Learning Task

In this learning task, a set of investigations using GeoGebra is recommended.

The link to the list of items is:  http://www.geogebra.org/en/wiki/index.php/Circles_%28Angles%29
At this link are investigations for every type of angle as well are handouts that can be printed.  

Angles of a Circle Learning Task, alternate version
Central and Inscribed Angles (by hand)

Using a compass and straight edge construct a circle of any size on paper.  Mark the center of the circle Q.  Place two points, A and B, on the circle and construct the two segments (radii), 
[image: image54.wmf]  and 

QAQB

.  Using a protractor, measure 
[image: image55.wmf]AQB

Ð

 and record that measurement.  
[image: image56.wmf]AQB

Ð

= _____________________

Next place point C on the circle opposite A and B.  Now construct the two segments (chords),
[image: image57.wmf]  and 

CACB

.  Measure 
[image: image58.wmf]ACB
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 and record that measurement.  


[image: image59.wmf]ACB

Ð

 = ________________________

The arc formed between A and B is called a _________ arc.  

Use your protractor and measure 
[image: image60.wmf]»

AB

.  
[image: image61.wmf]»

AB

 = ____________

The arc from A to B that passes through Q is called a ___________ arc.  Now that know what 
[image: image62.wmf]»

AB

 measures, what does 
[image: image63.wmf]¼
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 measure?  
[image: image64.wmf]¼
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 = __________________

How did you figure this?  

What do you notice about the measurements you made?

Discuss with a neighbor and see if they discovered the same relationship on their circle.  The angle with vertex at the center of the circle is called a _____________ angle and its measure is ___________________intercepted arc.  The angle with vertex on the circle is an ________________angle and its measure is equal to _________________its intercepted arc.  An inscribed angle’s measure is equal to _________ the central angle with the same intercepted arc.
Now on the same circle construct another central angle (DQE) with the measure equal to the measure of
[image: image65.wmf]AQB

Ð

.  Pick another point (P) on the circle and construct the inscribed angle that intercepts the same arc as
[image: image66.wmf]DQE

Ð

.  Measure these two angles and see if your 

conjecture about their measurements still holds.   Use your straight edge to connect
[image: image67.wmf] and 

ABDE

.  Measure these lengths in centimeters to the nearest tenth.  

Are they the same length? _____ In the same circle or in equal circles: 1) equal chords have equal _____________; 2) equal arcs have equal ______________; congruent chords determine two central angles that are _______________________.

Lines and Line Segments of a Circle Learning Task
http://www.geogebra.org/en/wiki/index.php/Circles_%28Angles%29 just the perpendicular and center of circle investigations
Alternate version of center of circles:
Finding the Center Again
Show the students a broken plate or some circular object that has only part showing.  Ask them if they have any ideas about how to find the entire circle.  Anthropologists find artifacts that are only parts of the complete item and must work to discover what the item might be – depending on its size.  Do astronomers see an entire crate on the moon or must they use mathematics to determine the size of the crater?

After the discussion the following activity can be done with MIRAs.  Have the students construct a circle on a sheet of paper and construct two nonparallel and noncongruent chords.  Using a MIRA construct the perpendicular bisector of each chord.  Do these two perpendicular bisectors intersect?  _______________  Do you notice anything about the intersection? __________________  Compare with your neighbors and try to fill in the blanks of the following statements.  The perpendicular bisectors of chords of a circle _________________________________________.    The perpendicular from the center of a circle to a chord is the ___________________ of the chord.  (And the _____________ of the arc.)   If two chords of a circle are congruent then they determine two central angles of the circle that are ______________.  
The following link investigates the length of intersecting chords:

http://www.geogebra.org/en/upload/files/UC_MAT/chords_in_a_circle.html
The following link investigates the length of secant segments and tangent segments:

http://www.geogebra.org/en/upload/files/UC_MAT/chords_outside_a_circle.html
After the students have written the relationships for the sides, they should think about how to prove what they have learned through experimentation.
This theorem states that a×b is always equal to c×d no matter where the chords are placed. By adding two segments in the picture, you can create two triangles:
[image: image68.wmf]b
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Figure 2
Challenge the students to prove this relationship is true by proving these triangles are similar. What condition for the similarity do you use to prove it?  By establishing proportional equations for corresponding sides of the similar triangles, you can make the same conclusion as the theorem.

Solution: By using AAA similarity, we can show the two triangles on opposite sides of the intersection point are similar. Because corresponding sides of similar triangles are in proportion, we can set up the proportional equation, 
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then rewrite as the product of the 
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Again, using the using the same principle, have the students prove that the secants formula they discovered works:
[image: image71.wmf]C

A

D

P

B


Figure 3
Prove this theorem by adding two segments BC and AD to the above figure. 

Find pairs of angles of the same size, and determine which triangles are similar to each other. Write a proportion using ratios of the corresponding sides of these triangles.

Solution:

Consider 
[image: image72.wmf]  

D

PAD

 

and

 

D

PCB

. 


[image: image73.wmf]PDA

m

PBC

m

Ð

=

Ð



[image: image74.wmf].

 

 

 

 

 

,

common

is

P

and

PCB

m

PAD

m

Thus

DAB

m

BCD

m

Ð

Ð

=

Ð

Ð

=

Ð



[image: image75.wmf] .

::

, ()()

PADPCB

PAPCPDPB

HencePAPBPDPB

\DµD

=

=


Another Way to Find the Center and Facts about Tangents Learning Task
Draw a circle using a compass and mark the center O
Put a pencil point on the circle and then put the straight edge up next to the pencil so that it touches the circle in one and only one point.  Label that point P (point of tangency).  Use the straight edge to draw the tangent line through P and mark point A on the line.  Construct the radius 
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.  Measure angle 
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 using a protractor.

Repeat the above activity using the same circle.  Put another point S on the circle.  This time construct a line through the radius 
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 and either construct a perpendicular at P with compass and straight edge or use a MIRA to construct the perpendicular at 
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.  Mark point B on the perpendicular line.

Are both 
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 and 
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 both right angles? _______________  Check with your neighbors to see if they got the same results and complete the following statements.  A tangent to a circle ____________________ to the radius drawn to the point of tangency.  
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  With this information what can you conclude about two tangents from the same point outside the circle?
What do these tangent conjectures have to do with space travel?
Summary of Angles and Segments:
	Location of Vertex 
	Relationship

	On the center of circle 
	The central angle measures the same as the intercepted arc. 

	On the circle 
	The angle measures half the intercepted arc. 

	Outside the circle
	The angle measures half the difference of the intercepted arcs. 

	Inside the circle but not the center of the circle 
	The angle measures half the sum of the intercepted arcs. 

	Segments
	Length Relationship

	Intersecting chords
	

	Chord and Tangent at pt. of Tangency
	

	Two secants
	

	Two tangents
	

	Intersecting secant and tangent
	


Arc Lengths and Areas of Sectors Learning Task
Now that arcs have been discovered, a review of the area and circumference of a circle is in order.
The length of an arc equals the circumference times the measure of the central angle divided by 360o.  The area of a sector equals the area of the circle times the measure of the central angle divided by 360o.
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See circle below and use proportions to find the area of the sector and the length of the arc.
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Students made a pie chart using percentages in a previous task.  In the game show Wheel of Fortune, three contestants compete to earn money and prizes for spinning a wheel and solving a word puzzle. The game requires some understanding of probability and the use of the English language.  Make a spinner to use in the Wheel of Fortune game.

Teacher Notes:  Concentric circles need to be introduced here.  Students must construct a double pie chart in order to have the area to place the value of each sector.  This is a foreshadowing of angular and linear velocity.  Stadium seating would make another good problem.  A spinner can be constructed using a pencil and a paper clip on a circle with the correct sectors.  Students could construct eight equal sectors or have sectors constructed according to their value – either the higher the value, the smaller the sector or vice versa.  This would make a great class discussion.

 Have students create a playing wheel that has eight spaces (sectors) marked $3000, $750, $900, $400, Bankrupt, $600, $450, and Lose a Turn.
Source for this is the link below from The World’s Largest Math Event 8.

http://my.nctm.org/eresources/view_article.asp?article_id=6221&page=12
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Sphere Learning Task
In this task, the students will use a “hands-on” part of the task to build on their understanding of the area of a circle to generate the formula for the surface area of a sphere; then will use the relationship of a sphere and a cylinder to algebraically to determine the formula for the volume of a sphere.
For the first half of this task, the materials needed are paper plates, plastic knives, and an orange for each group of students per class.

Student edition:

Using the materials you have been given, slice the orange through the great circle.  Place one-half of the orange cut-side down in the center of the paper plate.  Trace the great circle onto your paper plate.  Using a radius of r, what is the area of this circle?  Now, peel the orange making sure to keep every piece of the peeling.  After the orange is peeled, place the pieces of the peel on the circle on your paper plate, breaking the peel to make it fit exactly.  As you fill the circle, discard the pieces that you have already used, count the number of times the peel would completely fill the great circle.  Using the area of the circle that you found earlier, what is the total area that the orange peel can cover?  Considering that this is the area the orange peel covers and that it originally covered the entire orange or sphere.  What would you conjecture is the relationship of the surface area of the orange and the radius of the great circle?  How does the radius of the great circle and the radius of the sphere compare?  Will this always be the case?  Why or why not?

To find the formula for the volume of a sphere, you will need a sphere and a cylinder that have the relationship shown below:
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That is, one where the diameter of the base of the cylinder is the same as the diameter of the sphere and the height of the cylinder is the same as the diameter of the sphere.  

Teachers, this can actually be accomplished ways. 

 One find the cylinder that satisfies the condition that it is as tall as it is wide, then create a sphere using the modeling clay that fits.  To find the volume relationship, then fill the cylinder with water, remove the sphere, measure the new height of the water as a relationship to the original height.  It should be 1/3 as full, which means that the cylinder took up 2/3 of the space.  The volume of the cylinder is r2h, the sphere used 2/3 of that volume and the height of the cylinder was 2r, using these facts, the students will get 4/3 r3 for the volume of the sphere.

Or, you can first create the sphere using the modeling clay.  Cut a strip of paper with a width that is the same as the “height” of the sphere.  Wrap the paper around the sphere (it will only be touching the sphere along the great circle).  You now have a cylinder that fits the above condition.  Tape the paper to hold it in the form of the cylinder, then have the students carefully press the modeling clay sphere into the bottom of the cylinder, marking the height that the clay comes reaches along the side of the cylinder.  Again, the relationship of the height of the modeling clay should be 1/3 of the height of the cylinder.  Using the same algebraic approach as above, they can find the general formula for the volume of a sphere.

Using the following GeoGebra link: 
http://www.geogebra.org/en/upload/files/english/lewisprisco/sphere.html 
have the students follow the instructions to use the formulas that they found above to calculate the volume and surface area of spheres with five different radii lengths.  Make a chart of the values and find the relationship between the change in radii to the change in surface area to the change in volume.

Alternate Spheres Learning Task
Teacher Notes:

The National Council of Teacher of Mathematics has some excellent activities for students to explore the relationships between circles and spheres.  It seems that these are a great beginning for discovering the surface area and volume of a sphere.

1. Going Around in Circles:  Connecting the Representations (http://my.nctm.org/eresources/view_article.asp?article_id=7017&page=1)

The following is a quote from the introduction of this activity.  Worksheets and applets are included.

“The activity requires students to collect data and think about the relationships between and among the data. The activity uses a variety of representations to help students learn about how their procedural knowledge relates to other parts of mathematics. The project described uses The Geometer's Sketchpad (GSP) to draw circles and measure certain attributes of those circles. The students collect the information about the circles and enter it in a table in GSP. Students then explore patterns and relationships with the data they collected.”
2. Hail to the Chief is an activity from the World’s Largest Math Event.  

(http://my.nctm.org/eresources/view_article.asp?article_id=6218&page=9)  This activity uses Play-Dough to discover relationships between hail stones and thus explore the formula for the volume of a sphere.

3. The Earth and the Moon, as Two Balloons is another activity from the World’s Largest Math Event 
(http://my.nctm.org/eresources/view_article.asp?article_id=6216&page=1)

4. Mathematics that will Rock You Like a Hurricane Balloons is another activity from the World’s Largest Math Event 
(http://my.nctm.org/eresources/view_article.asp?article_id=6262#)

5. Surface Area of a Sphere is activity referenced in NCTM’s Illuminations.  It is a 

concrete way to show students why the surface area of a sphere is 
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(http://mathforum.org/paths/measurement/aos.html)

Culminating Task:
Using one of the five crop circles displayed below, identify, state, and justify all geometry used the design.
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For the information for these, see the website:

http://www.coolmath.com/geometry-of-crop-circles.html
or for more information see:

http://www.hypermaths.org/cropcircles/frontpage/index.html
Alternate Culminating Task
Culminating Activity

Have students design a stained glass window. The design must have two congruent angles, two congruent chords, two congruent arcs, a diameter, a secant, a tangent, a pair of concentric circles, etc.   Place the restrictions on it that would require some thought.  Have groups design it and then produce it with tissue paper.  The window below is from http://free-stainedglasspatterns.com/2curvesround.html  Research on the web can produce many good ideas.  If a group prefers, they could design a sun catcher.  

Teacher Notes:

Some suggestions for instructions:

1. Must use a minimum of 4 colors

2. All of the area must be outlined in black to clearly show each area.

3. Congruent angles must be clearly indicated and student must explain how they know they are congruent.  (This same type of instruction for each of the major geometric requirements.)

4. Students may choose to use a compass and straight edge or a MIRA or paper folding of a combination, but a clear explanation of how they arrived at their stained glass design should be given.

5. Explanations for each geometric requirement should be written clearly in full sentences with good grammar and correct spelling. 

6. Must connect the procedures with the appropriate mathematics and the geometry discovered in this unit.

7. Groups should show evidence of teamwork and who was responsible for each part. 
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